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ABSTRACT Structured spaces or differential spaces are a generalization of the concept of smooth
manifolds. Let (M, ,C) be a structured space in the sense of Mostow and let f: (M,7,C) —- N
where N is arbitrary, be a surjective function. There is a unique differential structure D on N
determined by f called the final, or identification differential structure, and the space N then called
the final structured space . In this paper, we will study structured subspaces of the final structured
space (N, D). The case when the subspace of the space (N, D) is open is studied; and we prove that
this subspace is also final. Some related concepts are defined and important properties are proved.
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INTRODUCTION In this paper, we will define and study

final structured subspace of the final

Structured spaces or differential structured space  (N,D); where this
spaces are a generalization of the Concept differential structure will also be final. We
of smooth manifolds (Heller & Sasin, shall ~ define some related concepts
1995b; Mostow, 1979). A structured and prove some results concerning them.

space in the sense of Mostow is defined to
be a topological space with a sheaf of
PRELIMINARIES
continuous real-valued functions which are
closed with respect to composition with
. . Differential ~ structures in the
smooth Euclidean functions (Heller &
Sasin, 1995; Mostow, 1979). Let
(M, t,C) be astructured space in the sense

of Mostow andlet f: (M,t,C) —» N

sense of Mostow are defined as follows.
Definition 2.1. (Heller & Sasin, 1995b;
Mostow, 1979) Let M be a topological

. . L space with a topology 7. A sheaf C of
where N is arbitrary, be a surjective

) . ) ] ] real continuous functions on M is said
function. There is a unique differential ) )
) to be a differential structure (or a
structure D on N determined by f called S
) ) o structural sheaf) on M if it satisfies the
the final, or identification, structured

] following condition : for any nonempty set
space (Bulati & Ahmed, 2007).
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U et, any sections f;, ..., fp eC(U),

where n eN, and any function w :
R™ — R of class C*, the composition
wo(fi, ., fn) belongs to C(U). The
ordered pair (M,C), or the triple

(M,7,C), is calleda structured space.

Local functions defined as

following (Heller & Sasin, 1995b).

are

Definition 2.2. Let D be a presheaf of

functions on a topological space (M, 7).

For any nonempty open set U e a
function f: U —> R is a local D -
function, if for any point p eU

there exists a neighborhood V of p and
a section ge D(V),suchthat flUNV =
g|U NV. The set of all local D - functions
on U will be denoted by Dy (U).

of a structured
(Heller &

A structured subspace
space is defined as follows
Sasin, 1995b; Mostow, 1979).

Definition 2.3. Let (M,t,C) be any

structured space and let (4,74) be a
topological subspace of (M,7). Then
(A,74,Cy) is
subspace of (M,t,C); where C, =

(Cl1A4), and

called a  structured

ClAWV) = {fIV: feClU)V
=UnNA

# O, for some U € 1}.

48

Definition 2.4. (Heller & Sasin, 1995b;
Mostow, 1979) Let (M,C)
(N,D) be spaces. A

continuous mapping h: M — N is said

and

structured

to be smooth provided
geheC(h™Y(U))for every  section
geDb).

Definition 2.5. (Gruszczak et al., 1988)

Let (M,C) and (N,D) be structured
spaces. A bijective mapping h: M - N
is said to be a diffeomorphism provided
both mappings h: M - N and h™?! :
N - M are smooth. Then (M,C) and
(N,D) are said to be diffeomorphic.

Let {(My, 1, C,)} be a collection of
and {fy : My = N},
where N is arbitrary, be a collection of
functions. T. Bulati and A. M. A Ahmed
defined final structured space as follows

(Bulati & Ahmed, 2007):

structured Spaces

Definition 2.6. Let {(M,,C,)} be a

collection of structured spaces and
{f, : My, > N} be a collection of

functions. Let 7, bethe final topology

o {fe} A
(N,Tf) is

on N with respect
differential structure D on
said to be final with respect to the

functions {f,} if, for any structured space

(K,F) and function h: (N,D) -
(K,F), we have h is smooth if
and only if hof, : (M,,Cy) —
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(K,F) is smooth for each a. In this
case, (N,t¢,D), or (N,D), is called the
final structured

{fa}

space with respect to

The following theorem shows that final
differential structures always exist.

Theorem 2.7. (Bulati & Ahmed, 2007) Let
{(M,,C, )} be a collection of structured
spaces and {f,: M, - N} be a
collection of functions. Then the final
differential structure D on (N, 7s) with
respect to {f,} exists and is characterized
by the following condition : if U €
7r, then heD(U)

hof, €C, (f;1(U)) for each .

if and only if

Definition 2.8. (Bulati & Ahmed, 2007)
Let f: (M,7,C) - (N,t,D)

function. We say

be any
that f is an
identification mapping of structured spaces
if f isasurjection, 7 = 77, and D is the
final differential structure on N with
respect to f. This differential structure
on (N,ty)is also called the identification
differential structure with respect to f,
and we say (N,t;,D), or (N,D), is
the identification structured space with

respect to f.

The identification differential structure D

on (N,7y) with respect to  f:
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(M,C) - N is characterized as

(Bulati & Ahmed, 2007):

DWU) =
{h:U->R: hof eC(f 1))}

FINAL STRUCTURED SUBSPACES

Let f: (M,C) - (N,D) be
an identification mapping of structured
spaces, and let AcN. If Ais open in

N, then the final topology on A with

fi=fIft(4)A:
f~1(A) - Aisequal to 7, the induced
In this

respect o

topology of t (Dugundji, 1966).
case, (A,74) can receive two differential
that
and (2) the final

F with respect to

structures : (1) Dy, as structured
subspace of (N, D);
differential structure
the surjection f;: f~1(4) - A. Now,
we will proof that the final differential
structure  F with respect to  f; and
structured subspace of (N, D) coincide.
First, we have the following result.

Let f: MC) -

identification mapping

Lemma 3.1.
(N,D) be an
of  structured and et
(A,D,) be astructured
(N, D). Then the
FIFTHA A (F7H(A), Cpn () »
(A,D,) issmooth.

spaces
subspace of

surjection f; =
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Proof. Obviously, the map f; is

continuous (see (Dugundji, 1966)). Let
he D,(U). For

q € fiY(U), then
there
fi(q) and a section ge(D]|A)V)
such that h |W = g|W, where

W=UnYV. Thus,

each point

fl(q) evU , S0

exists a neighborhood V of

(hW)efi=(gIW)e fi.

(R W) ofy = (hof)| it (W)
and (g W) o fi= (gef)l fi (W) we
have

Since

(heDIf'W) = (gefdl it W),

fitwW)y= ffiunv)=
YUY N 7Y (V), and g of; is a section
of C|f1(A) defined at g. So,

where

hofi €Cpr gy (fi "(U)).

Hence, the
fi + (f71(A),Cp-1(a)) — (A,Dy) is

smooth. o

surjection

Theorem 3.2.
(N, 75, D) be an

Let f: (M,t,C) -
identification mapping
of structured spaces. Let (A4,D,) be
a structured subspace of (N,D), where
the differential

A € 14 Then final

structure F on A with respect to

fi=fIf Y(A)A: fT1A) - A s

equal to Da.
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Proof. By Lemma 3.1, D,(U) cF (U) for
each nonempty set U e€1,.
he F(U),thenh of; € Cp- (A)(f{l(U ).

Now, let

Since f~1(A) is open in
= C|f71(4), so

M, Cf—l (A)

hof = hefy € C(FTI(U))

= C(fFHU)).

Since D § the identification
differential structure on N  with
respect to f, we have heD(U).
Since A is open in N, then D, =
D|A , so h € Dy(U). Hence,
F(U) € Dy(U) for each nonempty
setU € t,. Consequently, F = Dj,.
O

Definition 3.3. Let f: (M,7,C) -

(N, 1s, D) be an identification mapping of

structured spaces, and let A € 1.
Then (A4,74,D,)is  called the final
structured  subspace of (N,D) with

respectto f .

QUOTIENT SUBSPACES

Let (M,t,C)be any structured space
and let p S MxM be an
equivalence relation in (M,C). Let us
consider the quotient space (M / p,t / p)

and the sheaf C / p given by
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C/pWV) ={f:V->R: foF, €

CE VN3,
for Ve t/p, where B:M — M, isthe
canonical projection of the point p onto its
equivalent class (Heller & Sasin, 1995a).
The sheaf C/p is the final differential
structureon (M/p,t/p) with respect to
F,, and (M/p,t/p,C/p)
quotient structured space (Heller & Sasin,
1995a).

is called the

Theorem 4.1. Let p be an equivalence
relation in (M,C). IfA<S M/p is open,
then the structured spaces (4,(C/p)a)
(Pp_l(A)/Po'Cpgl(A)/Po)
diffeomorphic, where p, is the relation on
Py (A) induced by p.

and are

Proof. By Theorem 3.2, since A is open

in M/p, (C/p)a
differential structure on A

is the identification
with

respect to the map:

fl = Pplpp_l(A) ,A: (Ro_l(A)' CPl;l(A)) -
(4, (C/p)a)-

Let f, =P, that is, f2=

0
By,: (Pp_l(A); Cpp—l(A)) - (Ro_l(A)/
Po» Cpl;l(A)/pO) is the projection of the

point p onto its equivalent class [p]

Po*

Obviously, both f;, f, are continuous (see
(Dugundji, 1966)). Notice that f;f; ! is
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single-valued [i.e., f; is constant on each

fo2(s), s € Py (A)/pol, S0 we have

fi(x) = f1f2_1f2(x) = (/i fz_l)"fz(x);

for all x€ P'(A);

(fifs De fo
have fif;*
identification map of structured
(from Definition 2.6).

that is, f; =
Because f; is smooth, we
is smooth since f, is the

spaces

Similarly, 57 (4,(C/p)s) —

(B (4)/po »Cps1a)/ Po ) is  smooth.
Since the smooth mappings fif,t
Lfit of one another,
(A4,(C/p)a) (B (A)/
Po, C Py1(4) / po) are diffeomorphic. O

and
are  inverses

and

Example 4.2. Let (M,t,C) be

structured space. For A € M, let E, be

any

the equivalence relation defined by
Ep = AxAU{(x,x): x € M}

The quotient space M /E, is the space
M with A identified toa point
fora € A (see (Dugundji, 1966)). If

Eja,

A is closed,
in M.

then B = M - A is open

Hence, the set B, =
M /E,~ Eja
the  mapping

By Theorem 3.2, (C/E,)g, IS

isopen in M /E,, and
Pg, | B,B, is bijective.
the
differential

final structure on (By,73,)

with respectto Pg, | B, B;.
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CONCLUSION

The study has shown some cases in

which structured subspaces of final
structured spaces are also final.

Interesting future studies and more
properties can be investigated. Final
mapping of structured spaces might be
studied for special maps or special
topological spaces. Closed subspaces

might also be studied to show in which

cases these subspaces are also final.
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